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GENERALIZING THE KANTOROVICH METRIC TO
PROJECTION-VALUED MEASURES
Trubee Davison1
ABSTRACT. Given a compact metric space X , the collection of Borel probability mea-
sures onX can be made into a compact metric space via the Kantorovich metric [6]. We
partially generalize this well known result to projection-valued measures. In particular,
given a Hilbert spaceH, we consider the collection of projection-valued measures from
X into the projections onH. We show that this collection can be made into a complete
and bounded metric space via a generalized Kantorovich metric. However, we add that
this metric space is not compact, thereby identifying an important distinction from the
classical setting. We have seen recently that this generalized metric has been previously
defined by F. Werner in the setting of mathematical physics [11]. To our knowledge,
we develop new properties and applications of this metric. Indeed, we use the Contrac-
tion Mapping Theorem on this complete metric space of projection-valued measures
to provide an alternative method for proving a fixed point result due to P. Jorgensen
(see [8] and [9]). This fixed point, which is a projection-valued measure, arises from
an iterated function system on X , and is related to Cuntz Algebras.
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2 GENERALIZING THE KANTOROVICH METRIC TO PROJECTION-VALUED MEASURES
1. BACKGROUND:
Let (X, d) be a compact metric space, and define M(X) to be the collection of Borel
probability measures on X . It is well known, see [6], that M(X) can be equipped with
the Kantorovich metric, H , given by:
H(µ, ν) = sup
φ∈Lip1(X)
{∣∣∣∣
∫
X
φdµ−
∫
X
φdν
∣∣∣∣
}
, (1.1)
where µ and ν are elements of M(X), and where
Lip1(X) = {φ : X → R : |φ(x)− φ(y)| ≤ d(x, y) for all x, y ∈ X}.
Definition 1.1. A sequence measures {µn}∞n=1 ⊆M(X) converges weakly to a measure
µ ∈ M(X), written µn ⇒ µ, if for all f ∈ CR(X),
∫
X
fdµn →
∫
X
fdµ, where CR(X)
is the collection of continuous real valued functions on X .
We record the following two well known facts. 2
Proposition 1.2.
(1) (M(X), H) is compact.
(2) The topology induced by the metric H on M(X) coincides with the weak topol-
ogy on M(X).
Corollary 1.3. (M(X), H) is a complete metric space.
We continue with additional preliminaries. Let S = {σ0, ..., σN−1} be an iterated
function system (IFS) on (X, d). That is, for all 0 ≤ i ≤ N − 1, σi : X → X such that
for all x, y ∈ X
d(σi(x), σi(y)) ≤ rid(x, y),
where 0 < ri < 1. Indeed, each σi is a Lipschitz contraction on X , and ri is the
Lipschitz constant associated to σi. Let σ : X → X be a Borel measurable function
such that σ ◦ σi = idX for all 0 ≤ i ≤ N − 1.
Assume further that
X =
N−1⋃
i=0
σi(X), (1.2)
where the above union is disjoint. We provide a standard example for the above sce-
nario:
• Let X = Cantor Set ⊆ [0, 1], with the standard metric on R.
• Let σ0(x) = 13x and σ1(x) = 13x+ 23 .• Let σ(x) = 3x mod 1.
We now state the following important result due to Hutchinson.
2These facts were presented in F. Latremoliere’s Ulam Seminar at the University of Colorado (Fall
2013)
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Theorem 1.4. [6] The map T : M(X)→M(X) by
ν(·) 7→
N−1∑
k=0
1
N
ν(σ−1k (·)),
is a Lipschitz contraction in the (M(X), H) metric space, with Lipschitz constant r :=
max0≤i≤N−1{ri}.
By applying the Contraction Mapping Theorem to the Lipschitz contraction T , there
exists a unique measure, µ ∈M(X), such that T (µ) = µ. That is
µ(·) =
N−1∑
k=0
1
N
µ(σ−1k (·)).
This unique invariant measure, µ, is called the Hutchinson measure associated to S.
Consider the Hilbert space L2(X, µ). Define
Si : L
2(X, µ)→ L2(X, µ) by φ 7→ (φ ◦ σ)
√
N1σi(X)
for all i = 0, ..., N − 1, and it’s adjoint
S∗i : L
2(X, µ)→ L2(X, µ) by φ 7→ 1√
N
(φ ◦ σi)
for all i = 0, ..., N − 1. This leads to following result due to Jorgensen.
Theorem 1.5. [7] The maps {Si : 0 ≤ i ≤ N − 1} are isometries, and the maps
{S∗i : 0 ≤ i ≤ N − 1} are their adjoints. Moreover, these maps and their adjoints
satisfy the Cuntz relations:
(1)
N−1∑
i=0
SiS
∗
i = 1H
(2) S∗i Sj = δi,j1H where 0 ≤ i, j ≤ N − 1.
Corollary 1.6. [7] The Hilbert space L2(X, µ) admits a representation of the Cuntz
algebra, ON , on N generators.
Let ΓN = {0, ..., N − 1}. For k ∈ Z+, let ΓkN = ΓN × ...× ΓN , where the product is
k times. If a = (a1, ..., ak) ∈ ΓkN , where aj ∈ {0, 1, ..., N − 1} for 1 ≤ j ≤ k, define
Ak(a) = σa1 ◦ ... ◦ σak(X).
Using that (1.2) is a disjoint union, we conclude that {Ak(a)}a∈Γk
N
partitions X for all
k ∈ Z+. For k ∈ Z+ and a = (a1, ..., ak) ∈ ΓkN define,
Pk(a) = SaS
∗
a ,
where Sa = Sa1 ◦ ... ◦Sak . The Cuntz relations suggest that Pk(a) is a projection on the
Hilbert space L2(X, µ).
We state another result due to Jorgensen.
Theorem 1.7. [8] [9] There exists a unique projection-valued measure, E(·), defined on
the Borel subsets of X , B(X), taking values in the projections on L2(X, µ) such that,
(1) E(·) =∑N−1i=0 SiE(σ−1i (·))S∗i , and
(2) E(Ak(a)) = Pk(a) for all k ∈ Z+ and a ∈ ΓkN .
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The main goal of this paper is to provide an alternative proof of this theorem. In
particular, we will realize the map,
F (·) 7→
N−1∑
i=0
SiF (σ
−1
i (·))S∗i ,
as a Lipschitz contraction on a complete metric space of projection-valued measures
from B(X) into the projections on L2(X, µ). The Contraction Mapping Theorem will
then guarantee the existence of a unique projection-valued measure, E, satisfying part
(1) of Theorem 1.7. Part (2) of Theorem 1.7 will follow as a consequence.
2. RESULTS:
2.1. A Metric Space of Projection-Valued Measures on X:. Let (X, d) be the com-
pact metric space defined above. Let H be an arbitrary Hilbert space.
Lemma 2.1. [4] Let F be a projection-valued measure from B(X) into the projections
on H. Let g, h ∈ H. For all ∆ ∈ B(X) define
Fg,h(∆) = 〈F (∆)g, h〉,
where 〈·, ·〉 denotes the inner product on H. Then Fg,h(·) defines a countably addi-
tive measure on B(X) with total variation less than or equal to ||g|| ||h||. Moreover,
Fg,h(·) = Fh,g(·).
Remark 2.2. If h ∈ H, Fh,h(·) is a positive measure with total mass equal to ||h||2.
Claim 2.3. For h ∈ H, the positive measure Fh,h(·) is regular on B(X).
Proof. This follows from the fact that positive Borel measures are regular on metric
spaces [3]. 
Proposition 2.4. [4] Let F be a projection-valued measure from B(X) into the projec-
tions on H. Let ψ : X → C be a bounded Borel measurable function. Then there exists
a unique bounded operator, which we denote by
∫
ψdF , that satisfies〈(∫
ψdF
)
g, h
〉
=
∫
X
ψdFg,h
for all g, h ∈ H. Moreover, || ∫ ψdF || ≤ ||ψ||∞, where || · || denotes the operator norm,
and || · ||∞ denotes the supremum norm.
Let P (X) be the collection of all projection-valued measures from B(X) into the
projections on H. Define a metric ρ on P (X) by
ρ(E, F ) = sup
φ∈Lip1(X)
{∣∣∣∣
∣∣∣∣
∫
φdE −
∫
φdF
∣∣∣∣
∣∣∣∣
}
, (2.1)
where || · || denotes the operator norm in B(H), and E and F are arbitrary members of
P (X).
Theorem 2.5. ρ is a metric on P (X).
Proof.
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(1) Let E, F ∈ P (X). We show ρ(E, F ) <∞. Let φ ∈ Lip1(X) and x0 ∈ X .∣∣∣∣
∣∣∣∣
∫
φdE −
∫
φdF
∣∣∣∣
∣∣∣∣ =
∣∣∣∣
∣∣∣∣
∫
φdE − φ(x0)idH + φ(x0)idH −
∫
φdF
∣∣∣∣
∣∣∣∣
=
∣∣∣∣
∣∣∣∣
∫
φdE −
∫
φ(x0)dE −
(∫
φdF −
∫
φ(x0)dF
)∣∣∣∣
∣∣∣∣
≤
∣∣∣∣
∣∣∣∣
∫
(φ− φ(x0))dE
∣∣∣∣
∣∣∣∣ +
∣∣∣∣
∣∣∣∣
∫
(φ− φ(x0)) dF
∣∣∣∣
∣∣∣∣ (2.2)
Since φ−φ(x0) ∈ CR(X),
∫
(φ−φ(x0)dE and
∫
(φ−φ(x0)dF are self-adjoint
operators. Let h ∈ H with ||h|| = 1.
∣∣∣∣
〈(∫
(φ(x)− φ(x0))dE
)
h, h
〉∣∣∣∣ =
∣∣∣∣
∫
X
(φ(x)− φ(x0))dEh,h(x)
∣∣∣∣
≤
∫
X
|φ(x)− φ(x0)|dEh,h(x)
≤
∫
X
d(x, x0)dEh,h(x)
≤ diam(X)
∫
X
dEh,h(x)
= diam(X)〈E(X)h, h〉
= diam(X)||h||2
= diam(X)
< ∞,
where diam(X) denotes the diameter of the metric space X . This quantity is
finite because X is compact. Hence,∣∣∣∣
∣∣∣∣
∫
(φ− φ(x0))dE
∣∣∣∣
∣∣∣∣ ≤ diam(X) <∞,
and similarly, ∣∣∣∣
∣∣∣∣
∫
(φ− φ(x0))dF
∣∣∣∣
∣∣∣∣ ≤ diam(X) <∞,
which implies that the last line of (2.2) is less than or equal to 2 diam(X) <
∞. Since diam(X) is independent of the choice of φ ∈ Lip1(X), ρ(E, F ) ≤
2 diam(X) <∞.
(2) Let E, F ∈ P (X). It is clear from the definition of ρ that ρ(E, F ) = ρ(F,E).
(3) Let E, F ∈ P (X). We show that ρ(E, F ) = 0 if and only if E = F . The
backwards direction is clear from the definition of ρ. For the forwards direction,
suppose that ρ(E, F ) = 0. We need to show that E = F . That is, for all ∆ ∈
B(X), we need to show that E(∆) = F (∆). Choose a closed subset C ⊆ X .
Define fn : X → R for n = 1, ...∞ by fn(x) = max{1 − nd(x, C), 0}. Note
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that fn ∈ Lipn(X) = {f : X → R : |f(x) − f(y)| ≤ nd(x, y) for all x, y ∈
X}. Therefore, 1
n
fn ∈ Lip1(X). Since ρ(E, F ) = 0∫
1
n
fndE =
∫
1
n
fndF
for all n, which implies
∫
fndE =
∫
fndF (2.3)
for all n. Note that fn ↓ 1C pointwise. Choose h ∈ H with ||h|| = 1. By the
Dominated Convergence Theorem
Eh,h(C) =
∫
X
1CdEh,h = lim
n→∞
∫
X
fndEh,h,
and
Fh,h(C) =
∫
X
1CdFh,h = lim
n→∞
∫
X
fndFh,h.
By (2.3)
∫
X
fndEh,h =
∫
X
fndFh,h
for all n, and hence, Eh,h(C) = Fh,h(C) for all closed sets C ⊆ X . Since
Eh,h(·) and Fh,h(·) are regular measures, Eh,h(∆) = Fh,h(∆), or equivalently,
〈(E(∆) − F (∆))h, h〉 = 0 for all ∆ ∈ B(X). Since E(∆) − F (∆) is a self-
adjoint operator (being the difference of two projections), and since h was arbi-
trary,
||E(∆)− F (∆)|| = sup
h∈H,||h||=1
|〈(E(∆)− F (∆))h, h〉| = 0.
Therefore, E(∆) = F (∆) for all ∆ ∈ B(X).
(4) Let E, F,G ∈ P (X). We need to show that ρ satisfies:
ρ(E,G) ≤ ρ(E, F ) + ρ(F,G). (2.4)
Choose φ ∈ Lip1(X). Then,∣∣∣∣
∣∣∣∣
∫
φdE −
∫
φdG
∣∣∣∣
∣∣∣∣ ≤
∣∣∣∣
∣∣∣∣
∫
φdE −
∫
φdF
∣∣∣∣
∣∣∣∣ +
∣∣∣∣
∣∣∣∣
∫
φdF −
∫
φdG
∣∣∣∣
∣∣∣∣ .
By taking the supremum of both sides over all Lip1(X) functions, (2.4) follows.

Corollary 2.6. The metric space (P (X), ρ) is bounded.
Proof. In (1) of the above proof, we showed that for any E, F ∈ P (X), ρ(E, F ) ≤
2diam(X) <∞. 
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2.2. (P (X), ρ) is Complete: We show that the metric space (P (X), ρ) is complete.
We begin with several facts.
Definition 2.7. A representation π : C(X) → B(H) is a ∗-homomorphism that pre-
serves the identity.
Theorem 2.8. [4] Let E : B(X) → B(H) be a projection-valued measure. The map
π : C(X)→ B(H) given by
f 7→
∫
fdE
is a representation.
Theorem 2.9. [4] Let π : C(X) → B(H) be a representation. There exists a unique
projection-valued measure E : B(X)→ B(H) such that
π(f) =
∫
fdE
for all f ∈ C(X).
Lemma 2.10. Lip(X) is dense in CR(X), where Lip(X) is the collection of real valued
Lipschitz functions on X .
We now state the main result of this section.
Theorem 2.11. The metric space (P (X), ρ) is complete.
Proof. Let {En}∞n=1 ⊆ P (X) be a Cauchy sequence of projection-valued measures
in the ρ metric. For each n = 1, 2, ..., use Theorem 2.8 to define a representation
πn : C(X)→ B(H) by
f 7→
∫
fdEn.
Claim 2.12. Let f ∈ C(X). The sequence of operators {πn(f)}∞n=1 is Cauchy in the
operator norm.
Proof of claim. Let ǫ > 0. Let f = f1 + if2, where f1, f2 ∈ CR(X). By Lemma 2.10,
choose g1, g2 ∈ Lip(X) such that ||f1 − g1||∞ ≤ ǫ6 and ||f2 − g2||∞ ≤ ǫ6 .
There is a K > 0 such that 1
K
g1 ∈ Lip1(X) and 1K g2 ∈ Lip1(X). Since {En}∞n=1 is a
Cauchy sequence in the ρ metric, the sequence {πn( 1K g1)}∞n=1 is Cauchy in the operator
norm, and hence, {πn(g1)}∞n=1 is Cauchy in the operator norm. Similarly, {πn(g2)}∞n=1
is Cauchy in the operator norm. Therefore, choose N such that for n,m ≥ N ,
||πn(g1)− πm(g1)|| ≤ ǫ
6
and ||πn(g2)− πm(g2)|| ≤ ǫ
6
.
If m,n ≥ N ,
||πn(f1)− πm(f1)|| ≤ ||πn(f1)− πn(g1)||+ ||πn(g1)− πm(g1)||
+ ||πm(g1)− πm(f)||
≤ ||πn(f1 − g1)||+ ǫ
6
+ ||πm(f1 − g1)||
≤ ǫ
2
,
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where the third inequality is because ||πn(f1−g1)|| ≤ ||f1−g1||∞ and ||πm(f1−g1)|| ≤
||f1 − g1||∞. Similarly, ||πn(f2)− πm(f2)|| ≤ ǫ2 . Then, if n,m ≥ N ,
||πn(f)− πm(f)|| = ||πn(f1 + if2)− πm(f1 + if2)||
= ||(πn(f1)− πm(f1)) + i(πn(f2) + πm(f2))||
≤ ||πn(f1)− πm(f1)||+ ||πn(f2)− πm(f2)||
≤ ǫ.
This proves the claim.
Define π : C(X) → B(H) by f 7→ limn→∞ πn(f). This map is well defined by
Claim 2.12, and the fact that B(H) is complete in the operator norm. Moreover, it
is a representation. By Theorem 2.9, there exists a unique projection-valued measure
E : B(X)→ B(H) such that
π(f) =
∫
fdE
for all f ∈ C(X). We show that En → E in the ρ metric as n→∞. Let ǫ > 0. Choose
N such that for n,m ≥ N
ρ(En, Em) ≤ ǫ.
Let n ≥ N and φ ∈ Lip1(X). Observe∣∣∣∣
∣∣∣∣
∫
φdEn −
∫
φdE
∣∣∣∣
∣∣∣∣ = limm→∞
∣∣∣∣
∣∣∣∣
∫
φdEn −
∫
φdEm
∣∣∣∣
∣∣∣∣
≤ ǫ,
where the equality is because limm→∞
∫
φdEm = limm→∞ πm(φ) = π(φ) =
∫
φdE,
and the inequality is because ρ(En, Em) ≤ ǫ. Since the choice of N is independent of
the choice of φ, we have for n ≥ N
ρ(En, E) = sup
φ∈Lip1(X)
{∣∣∣∣
∣∣∣∣
∫
φdEn −
∫
φdE
∣∣∣∣
∣∣∣∣
}
≤ ǫ.
Hence, En → E in the ρ metric as n → ∞, and the metric space (P (X), ρ) is
complete.

We now define a weak topology on P (X).
Definition 2.13. A sequence of projection-valued measures {Fn}∞n=1 ⊆ P (X) con-
verges weakly to a projection-valued measure F ∈ P (X), written Fn ⇒ F , if for all
f ∈ CR(X),
∫
fdFn →
∫
fdF , where convergence is in the operator norm on B(H).
Theorem 2.14. The topology induced by the ρ metric on P (X) coincides with the weak
topology on P (X).
Proof. The proof of this fact follows the proof of the analogous fact in the classical
setting. It depends on Lemma 2.10 and Ascoli’s Theorem [10]. 
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We conclude this section with following discussion. Suppose that H1 and H2 are
two isomorphic Hilbert spaces with isomorphism S : H1 → H2. Consider the two
associated complete metric spaces (PH1(X), ρ) and (PH2(X), ρ). We can define Θ :
(PH1(X), ρ)→ (PH2(X), ρ) by
E(·) 7→ SE(·)S∗.
One can show that Θ is a bijective isometry of metric spaces. This means that, up
to isomorphism of Hilbert spaces, the associated metric spaces of projection-valued
measures are the same.
2.3. An Application for the Metric Space (P (X), ρ): We now restrict to the situa-
tion that H = L2(X, µ), or more generally, that H is a Hilbert space which admits a
representation of the Cunzt alegra on N generators. Consider the associated complete
metric space (P (X), ρ).
Theorem 2.15. The map Φ : P (X)→ P (X) given by
E(·) 7→
N−1∑
i=0
SiE(σ
−1
i (·))S∗i
is a Lipschitz contraction in the ρ metric.
Proof. We begin by showing that the map Φ is well defined. Indeed, let ∆ ∈ B(X).
(Φ(E)(∆))2 =
(
N−1∑
i=0
SiE(σ
−1
i (∆))S
∗
i
)2
=
N−1∑
i=0
SiE(σ
−1
i (∆))S
∗
i
N−1∑
j=0
SjE(σ
−1
j (∆))S
∗
j
=
N−1∑
i=0
SiE(σ
−1
i (∆))
2S∗i
=
N−1∑
i=0
SiE(σ
−1
i (∆))S
∗
i
= Φ(E)(∆),
where the third equality is because S∗i Sj = δi,j idH, and the fourth equality is because
E(σ−1i (∆)) is a projection (in particular an idempotent) for all 0 ≤ i ≤ N − 1. One
can also see that Φ(E) is self-adjoint, and therefore, a projection in B(H). One can
verify the remaining conditions that define a projection-valued measure. Next, we note
the following claim, which can be easily computed.
Claim 2.16. Let h ∈ H. Then,
Φ(E)h,h(∆) =
N−1∑
i=0
ES∗i h,S∗i h(σ
−1
i (∆)),
for all ∆ ∈ B(X).
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We now show that Φ is a Lipschitz contraction in the ρ metric. Let E, F ∈ P (X).
Recall that r = max0≤i≤N−1{ri}, where ri is the Lipschitz constant associated to σi,
and note that 0 < r < 1. Choose φ ∈ Lip1(X), and h ∈ H with ||h|| = 1. Then∣∣∣∣
〈(∫
φdΦ(E)−
∫
φdΦ(F )
)
h, h
〉∣∣∣∣
=
∣∣∣∣
〈(∫
φdΦ(E)
)
h, h
〉
−
〈(∫
φdΦ(F )
)
h, h
〉∣∣∣∣ =
∣∣∣∣
∫
X
φdΦ(E)h,h −
∫
X
φdΦ(F )h,h
∣∣∣∣
=
∣∣∣∣∣
N−1∑
i=0
∫
X
φdES∗i h,S∗i h(σ
−1
i (·))−
N−1∑
i=0
∫
X
φdFS∗i h,S∗i h(σ
−1
i (·))
∣∣∣∣∣
=
∣∣∣∣∣
N−1∑
i=0
∫
X
(φ ◦ σi)dES∗i h,S∗i h −
N−1∑
i=0
∫
X
(φ ◦ σi)dFS∗i h,S∗i h
∣∣∣∣∣
=
∣∣∣∣∣
N−1∑
i=0
(∫
X
(φ ◦ σi)dES∗
i
h,S∗
i
h −
∫
X
(φ ◦ σi)dFS∗
i
h,S∗
i
h
)∣∣∣∣∣
=
∣∣∣∣∣
N−1∑
i=0
r
(∫
X
(
φ ◦ σi
r
)
dES∗i h,S∗i h −
∫
X
(
φ ◦ σi
r
)
dFS∗i h,S∗i h
)∣∣∣∣∣
≤ r
(
N−1∑
i=0
∣∣∣∣
∫
X
(
φ ◦ σi
r
)
dES∗i h,S∗i h −
∫
X
(
φ ◦ σi
r
)
dFS∗i h,S∗i h
∣∣∣∣
)
= r
(
N−1∑
i=0
∣∣∣∣
〈(∫ (
φ ◦ σi
r
)
dE −
∫ (
φ ◦ σi
r
)
dF
)
S∗i h, S
∗
i h
〉∣∣∣∣
)
≤ r
(
N−1∑
i=0
∣∣∣∣
∣∣∣∣
∫ (
φ ◦ σi
r
)
dE −
∫ (
φ ◦ σi
r
)
dF
∣∣∣∣
∣∣∣∣ ||S∗i h||2
)
.
Note that the function φ ◦ σi
r
∈ Lip1(X) for all 0 ≤ i ≤ N − 1. Hence
r
(
N−1∑
i=0
∣∣∣∣
∣∣∣∣
∫ (
φ ◦ σi
r
)
dE −
∫ (
φ ◦ σi
r
)
dF
∣∣∣∣
∣∣∣∣ ||S∗i h||2
)
≤ rρ(E, F )
(
N−1∑
i=0
〈S∗i h, S∗i h〉
)
= rρ(E, F )
(
N−1∑
i=0
〈SiS∗i h, h〉
)
= rρ(E, F )
〈(
N−1∑
i=0
SiS
∗
i
)
h, h
〉
= rρ(E, F ) 〈h, h〉 = rρ(E, F ).
Therefore ∣∣∣∣
∣∣∣∣
∫
φdΦ(E)−
∫
φdΦ(F )
∣∣∣∣
∣∣∣∣ ≤ rρ(E, F ).
Since φ is an arbitrary element of Lip1(X),
ρ(Φ(E),Φ(F )) ≤ rρ(E, F ).
This proves that Φ is a Lipschitz contraction in the ρ metric on P (X).
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2.4. An Alternative Proof of Theorem 1.7: By Theorem 2.11 and Theorem 2.15, we
know that Φ is a contraction on the complete metric space (P (X), ρ). By the Contrac-
tion Mapping Theorem, there exists a unique projection-valued measure, E ∈ P (X),
such that
E(·) =
N−1∑
i=0
SiE(σ
−1
i (·))S∗i . (2.5)
A proof by induction on k yields that that E(Ak(a)) = Pk(a) for all k ∈ Z+ and
a ∈ ΓkN .
2.5. Additional Observations: In the case that H = L2(X, µ), one can calculate that
Pk(a) = M1Ak(a) , where M1Ak(a) is the projection on L2(X, µ) given by multiplication
by 1Ak(a). Recall that Ak(a) = σa1 ◦ ...◦σak (X) for a = (a1, ..., ak). Hence, E(·) is the
canonical projection-valued measure given by multiplication by the indicator function.
In the case that H is an arbitrary Hilbert space that admits a representation of the Cuntz
algebra on N generators, Jorgensen has a generalized result in [8].
We now present an example which shows that (P (X), ρ) is not compact. In partic-
ular, let H = L2(R, m) where m is Lebesgue measure. Let B1 be the collection of
normal operators, N , onH such that ||N || ≤ 1, where || · || is the operator norm. By the
Spectral Theorem for Normal Operators, if N ∈ B1 there exists a unique projection-
valued measure, F : C→ B(H), whose support is contained in the closed ball of radius
1 in C centered at the origin, B0(1), and satisfies the relationship
N =
∫
B0(1)
zdF (z).
Suppose {Nk}∞k=1 ⊆ B1 is sequence of normal operators. Let {Ek}∞k=1 be the corre-
sponding sequence of projection-valued measures given by the Spectral Theorem. We
note that the support ofEk is contained in the compact setB0(1) for all k = 1, 2, .... One
can then consider the sequence {Ek}∞k=1 as belonging to the metric space P (B0(1), ρ)
of projection-valued measures. We will show that this metric space is not compact. In-
deed, observe that the map φ : B0(1) → C given by z 7→ z has the property that it’s
real and imaginary parts are elements of Lip1(B0(1)). Using this fact, one can prove
via the Stone-Weierstrass Theorem that the sequence Nk converges to a normal oper-
ator N ∈ B1 in the operator norm if and only if the sequence Ek converges to E in
the ρ metric. This will yield non-compactness. Indeed, the sequence of normal oper-
ators, {M1[k,k+1)}∞k=1 ⊆ B1, has no convergent subsequence in the operator norm, and
therefore, the corresponding sequence of projection-valued measures {Ek}∞k=1 has no
convergent subsequence in the ρ metric. Hence, P (B0(1), ρ) is not compact.
3. CONCLUSION:
We identify a list of further generalizations that we have considered (but are not
discussed above).
(1) We have shown that the collection of positive-operator valued measures (a gen-
eralization of a projection-valued measure) forms a complete metric space.
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(2) We have shown that a certain sub-collection of positive operator-valued mea-
sures on an arbitrary underlying complete and separable metric space (not nec-
essarily compact) forms a complete metric space.
(3) We have considered the map,
E(·) 7→
N−1∑
i=0
SiE(σ
−1
i (·))S∗i ,
when the maps {σi} constitute a weakly hyperbolic iterated function system on
a compact metric space (X, d) (see [2] and [5]). This is a weaker notion than
when each σi is a Lipschitz contraction on X .
(4) If we equip B(H) with the weak operator topology, define the WOT-weak topol-
ogy to be the weakest topology on the space of projection (positive operator)
valued measures that makes the collection of functions {fˆ : f ∈ C(X)} given
by A 7→ fˆ(A) := ∫ fdA continuous (where here we are assuming X is com-
pact). We have shown that this is a compact topology by directly generalizing
the proof of compactness in the classical setting (Proposition 1.2). Importantly,
we note that this fact has been previously shown by Ali [1], using more general
theory.
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